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1 Library

The optimization algorithm library is called “nlpalg” which stands for “nonlinear program-
ming algorithms”. It is written in C++ and binded to Python using the library “pybind11”,
which requires C++ version 11 and is tested in Python 3.6. It is basically composed by several
nonlinear optimization algorithms.

11 PyBindM

To compile and use the "nlpalg”, the library "pybind11” must be installed. To install it, the
github page have the instructions to compile and install the package. Another simpler way
is to use the command bellow:

pip install pybindll

1.2 Compilation

The output of the compilation must be a dynamic library file named “nlpalg.pyd” on
Windows and “nlpalg.so” on Linux. The compilation must include “Python” and “pybind1l”
libraries and the compiler must support C++ version 11. The Visual Studio 2017 project files
are provided for compilation on Windows. For compilation on Linux, the command line

g++ -03 -Wall -shared -std=c++11 -fPIC “python3 -m pybindll
—-—includes® -I./ -I/usr/include/pybindll/ nlpalg.cpp -o nlpalg python3-config --extension-suffix’

can be used.

2 Ellipsoid method

The implemented C++ ellipsoid method returns a solution z* that equals or dominates the
starting point zy in case zg is feasible for the optimization problem in the form

minimize f(z) Mm
subject to g(xz) <0 2)
Az <b (3)
Aeqt = beq (4)
Tmin < T < Tmax )

where z € R™ are the design variables for n € {2,3,...}, f : R" — R° are the objective
functions for o € {1,2,..}, g : R* — R™ are the inequality constraint functions for


https://github.com/pybind/pybind11
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m' €{0,1,...}, A € R™*™and b € R™ form the linear inequality constraints for m € {0,1, ...},
Ay € RP*™ and be, € RP form the linear equality constraints for p € {0,1,...}, Zmin € R"
and zpax € R™ are the respective lower and upper bounds. The solution z* is empty if the
problem is infeasible. It uses multiple cuts and guarantees that the oracles f and g will only
be queried where the linear inequality constraints (3) and (5) are satisfied.

2.1 Prototype

The ellipsoid method in Python has the prototype

[xb, fxb, x, fx, Qi, stop] = nlpalg.ellipsoidmethod(f, df, g, dg, A, b, Aeq, beq, xmin, xmax, x0, QiO,
epsilon, kmax, kimax, shallowcut, decomposition, memory, log)

where “t" is the objective function which should be minimized, “df" is the objective gradient
function, “g" is the inequality constraint function g(z) < 0, “dg” is the inequality constraint
gradient function, “A" and “b" form the linear inequality constraints Az < b, “Aeq” and
“beq” form the linear equality constraints A.qx = bey, “xmin" and “xmax"” form the bounds
Tmin < & < Tmax, x0" is the starting point g € R™ (centered start zg = (Zmin + Tmax)/2 if
empty), “Qi0" is the starting inverse ellipsoid matrix (tight start if empty), “epsilon”is the
maximum uncertainty for stop criterion (O for no stopping on this criterion), “kmax” is the
maximum number of iterations for stop criterion, “kimax" is the maximum number of cuts
per iteration, “shallowcut” is the index of shallow cuts usage € [0, 1], “decomposition”
is matrix decomposition indicator, “memory" is cut memory indicator, “1og” is the feasible
path log logical indicator. It returns the optimal point “xb" (or path if “1og = True") and
respective function values “fxb"”, and the final point “x"” (or path if “1og = True") and
respective function values “£x" and inverse ellipsoid matrix “Qi". The “stop” flag indicates
the stop reason: O for stop by maximum number of iterations, 1 for stop by ellipsoid volume
reduction, 2 for stop by empty localizing set, 3 for stop by degenerate ellipsoid.

2.2 Examples
2.2.1 Linear constraints

Consider the optimization problem with linear constraints

1
minimize E(z —o)TQ(z —¢)

subject to x1 + z2 < 10
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where

2 00 3
Q=102 01|, e¢=1]5
0 0 2 40

Its solution lies on the line 1 = 23 = (¢1 + ¢2)/2 = 4 at 3 = 10, which can be verified using

the following Python code.

# libraries
import nlpalg # nonlinear programming algorithm library
import numpy as np

# quadratic objective function

xf = np.array([3, 5, 40]).reshape (-1, 1)

Af = 2xnp.identity (3)

bf = -np.matmul (Af, xf)

cf = .5xnp.matmul (np.transpose (xf), np.matmul (Af, xf))

f = lambda x: [.5xnp.matmul (np.transpose(x), np.matmul (Af, x)) + np.matmul (np.transpose (x),

df = lambda x: np.matmul (Af, x) + bf

# empty nonlinear inequality constraint
g = lambda x: np.zeros((0, 1))
dg = lambda x: np.zeros((3, 0))

# linear inequality constraint
A = np.array([[1, 1, 0]])
b np.array ([10])

# linear inequality constraint
Aeq = np.array([[1, -1, 0]1])
beg = np.array ([0]

# bounds
xmin = np.array([-10, -10, -10]) .reshape(-1, 1) # lower
xmax = np.array([10, 10, 10]).reshape(-1, 1) # upper

# solution with ellipsoid method

x0 = np.array([[]]) # starting point

Qi0 = np.array([[]]) # starting inverse ellipsoid matrix

epsilon = 0 # uncertainty on each variable

kmax = 300 # maximum number of iterations

kimax = 32 # maximum number of cuts per iteration

shallowcut = 0 # use of shallow cuts [0, 1]

decomposition = True # square root decomposition of ellipsoid matrix indicator
memory = True # cut memorization through iterations indicator

log = True # path log indicator

[xb, fxb, x, fx, Qi, stop] = nlpalg.ellipsoidmethod(f, df, g, dg, A, b, Aeq, beq, xmin,

epsilon, kmax, kimax, shallowcut, decomposition,

# print solution

print ("Stop criterion", stop)
print (xb)

print (fxb)

print (Qif...,-11)

Xmax,

bf)

x0,

+ cf]

Qio,

memory,
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2.2.2 Multiobjective nonlinear programming

Consider the biobjective nonlinear quadratic optimization problem

%(x — cl)TQl(x —)
1

5(:6 - Cz)TQz(JJ —c3)

1
subject to 5(37 —3)TQ3(xr —c3) < 1

minimize f(z) =

1(;lc —e)TQu(z —cy) <1

2
—10< 2 <10
where
2 0 0 1 00 1 0
Qi=Q3=0s=|0 2 0|, Q=]020]|, a=-c=a=|1|, =0
0 0 2 0 0 4 1 0

The optimality condition at the solution of this problem is

‘7fi($) _ ‘7]5(%)
IV A IV E(2)]

which can be verified with the following Python code.

# libraries
import nlpalg # nonlinear programming algorithm library
import numpy as np

# quadratic objective functions

xf = np.array([1l, 1, 1]).reshape(-1, 1)

Af = 2+np.identity(3)

bf = —-np.matmul (Af, xf)

cf = .5xnp.matmul (np.transpose (xf), np.matmul (Af, xf))

xf2 = np.array([-1, -1, -1]).reshape(-1, 1)

Af2 = np.diag([1l, 2, 4])

bf2 = -np.matmul (Af2, x£f2)

cf2 = .5+np.matmul (np.transpose (xf2), np.matmul (Af2, x£f2))

f = lambda x: np.vstack ((
.5*%np.matmul (np.transpose (x), np.matmul (Af, x)) + np.matmul (np.transpose(x), bf) + cf,
.S5+np.matmul (np.transpose (x), np.matmul (Af2, x)) + np.matmul (np.transpose(x), bf2) + cf2))

df = lambda x: np.hstack((np.matmul (Af, x) + bf, np.matmul (Af2, x) + bf2))

# quadratic inequality constraint functions

Ag = 2xnp.identity(3)

bg = np.zeros ((3, 1)

cg = -1

xg2 = np.array([l, 1, 1]).reshape(-1, 1)

Ag2 = 2xnp.identity(3)

bg2 = -np.matmul (Ag2, xg2)

cg2 = .5*np.matmul (np.transpose(xg2), np.matmul (Ag2, xg2)) - 1

g = lambda x: np.vstack ((
.5xnp.matmul (np.transpose (x), np.matmul (Ag, x)) + np.matmul (np.transpose(x), bg) + cg,
.5xnp.matmul (np.transpose (x), np.matmul (Ag2, x)) + np.matmul (np.transpose(x), bg2) + cg2))

dg = lambda x: np.hstack((np.matmul (Ag, x) + bg, np.matmul (Ag2, x) + bg2))

10
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# empty linear inequality constraints
A = np.zeros ((0, 3))
b = np.zeros((0, 1))

# empty linear equality constraints
Aeq = np.zeros ((0, 3))
beq = np.zeros ((0, 1)

# bounds
xmin = np.array([[-10], [-10]1, [-1011) # lower
xmax = np.array ([[10], [10], [10]]) # uppder

# solution

x0 = np.array ([[20], [20], [20]1]) # starting point

Qi0 = np.array([[]]) # starting inverse ellipsoid matrix

epsilon = 0 # uncertainty on each variable

kmax = 300 # maximum number of iterations

kimax = 32 # maximum number of cuts per iteration

shallowcut = 0 # use of shallow cuts [0, 1]

decomposition = True # square root decomposition of ellipsoid matrix indicator

memory = True # cut memorization through iterations indicator

log = False # path log indicator

[xb, fxb, x0, fx, Qi0, stop] = nlpalg.ellipsoidmethod(f, df, g, dg, A, b, Aeq, beq, xmin, xmax, x0, QiO,
epsilon, 10, kimax, shallowcut, decomposition, memory, log)

[xb, fxb, x, fx, Qi, stop] = nlpalg.ellipsoidmethod(f, df, g, dg, A, b, Aeq, beq, xmin, xmax, x0, QiO,

epsilon, kmax, kimax, shallowcut, decomposition, memory, log)

# optimality condition: opposite objective gradient directions
print (xb)
if (xb.size):

dfx = df (xb)

dfx[...,0] = dfx[...,0]/np.sqgrt (np.sum(dfx[...,0]*dfx[...,0]))
dfx[...,1] = dfx[...,1]/np.sqgrt (np.sum(dfx[...,1]*«dfx[...,1]))
print (dfx)

2.2.3 Science optimization library

Consider the optimization problem

minimize (2, — 1)% + 423

subjectto —5 <z <5H

whose solution is (1,0), as can be verified with the following Python code using the science
optimization library.

# libraries

import nlpalg # nonlinear programming algorithm library
import numpy as np

from science_optimization.builder import OptimizationProblem
from science_optimization.function import QuadraticFunction
from science_optimization.problems import GenericProblem

Problem: (x[0]-1)"2 + 4.0xx[1]"2

= np.array([[1, 0], [0, 411)

= np.array([-2, 0]).reshape(-1, 1)

1

[QuadraticFunction (Q=Q, c=c, d=d)]

_lim = np.hstack((np.array([[-5 1, [-5]]), np.array([[5 ], [5]]1))) # bounds

X Hh Q0 0O #H

1
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op = OptimizationProblem(builder=GenericProblem(f=f, eqg_cons=[], ineq_cons=[], x_lim=x_1lim))

# solution

f = lambda x: op.objective.objective_functions.eval(x) # objective function
df = lambda x: op.objective.objective_functions.gradient (x) # objective gradient function
g = lambda x: np.zeros((0, 1)) # empty constraints

dg = lambda x: np.zeros((2, 0)

A = np.zeros((0, 2)) # empty linear inequality constraints

b = np.zeros((0, 1)

Aeqg = np.zeros((0, 2)) # empty linear equality constraints

beqg = np.zeros((0, 1)

xmin = op.variables.x_min() # lower bound

xmax = op.variables.x_max () # upper bound

x0 = (xmin + xmax)/2 # starting point

Qi0 = np.array([[]]) # starting inverse ellipsoid matrix

epsilon = 0 # uncertainty on each variable

kmax = 300 # maximum number of iterations

kimax = 32 # maximum number of cuts per iteration

shallowcut = 0 # use of shallow cuts [0, 1]
decomposition = True # square root decomposition of ellipsoid matrix indicator

memory = True # cut memorization through iterations indicator
log = False # path log indicator
[xb, fxb, x, fx, Qi, stop] = nlpalg.ellipsoidmethod(f, df, g, dg, A, b, Aeq, beq, xmin, xmax, x0, QiO0,

epsilon, kmax, kimax, shallowcut, decomposition, memory, log)
print (xb)

2.3 Performance

In order to have a performance reference of the ellipsoid method in nlpalg library, a
MATLAB comparison has been made using the following python code. The nlpalg takes
about 0.035 second to find each solution, while the MATLAB code takes about 0.6 second:
nlpalg is about 17 times faster than MATLAB.

# libraries

import nlpalg # nonlinear programming algorithm library
import numpy as np

import time

# quadratic objective function
xf = np.array([3, 5, 40]).reshape (-1, 1)
Af = 2#np.identity(3)

bf = —np.matmul (Af, xf)
cf = .5+xnp.matmul (np.transpose (xf), np.matmul (Af, xf))
f = lambda x: [.5xnp.matmul (np.transpose(x), np.matmul (Af, x)) + np.matmul (np.transpose(x), bf) + cf]

df = lambda x: np.matmul (Af, x) + Dbf

# empty nonlinear inequality constraint
g = lambda x: np.zeros((0, 1))
dg = lambda x: np.zeros((3, 0))

# linear inequality constraint
A = np.array([[1, 1, 01, [2, 2, 011)
b = np.array([10, 301])

# linear inequality constraint

Aeq = np.array([[1, -1, 0]])
beqg = np.array ([0]

12
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# bounds
xmin = np.array([-10, -10, -10]) .reshape(-1, 1) # lower
xmax = np.array([10, 10, 10]).reshape(-1, 1) # upper

# solution with ellipsoid method

x0 = np.array ([0, 0, 0]).reshape(-1, 1) # starting point

Qi0 = np.array([[]]) # starting inverse ellipsoid matrix

epsilon = 0 # uncertainty on each variable

kmax = 300 # maximum number of iterations

kimax = 32 # maximum number of cuts per iteration

shallowcut = 0 # use of shallow cuts [0, 1]

decomposition = True # square root decomposition of ellipsoid matrix indicator

memory = True # cut memorization through iterations indicator

log = False # path log indicator

start = time.time ()

for i in range (10):

[xb, fxb, x, fx, Qi, stop] =

nlpalg.ellipsoidmethod(f, df, g, dg, A, b, Aeq, beq, xmin, xmax, x0,
epsilon, kmax, kimax, shallowcut, decomposition, memory, log)

end = time.time ()

# print solution
print ((end - start)/10, " to find solution™)
print (xb)

Qio,

13
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